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Mahler measure under variations of the base group
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Abstract. We study properties of a generalization of the Mahler measure to elements in group rings,
in terms of the L¨ uck-Fuglede-Kadison determinant. Our main focus is the variation of the Mahler
measure when the base group is changed.In particular, we study how to obtain the Mahler measure
overaninﬁnite groupaslimit ofMahlermeasuresoverﬁnite groups,forexample,in theclassicalcase
of the free abelian group or the inﬁnite dihedral group,and others.
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1 Introduction
The Mahler measure of a Laurent polynomialP ∈ C[x±1
1 ,...,x±1
n ],i sd e ﬁ n e db y
m(P) :=
1
(2πi)n
 
Tn log|P(x1,...,xn)|
dx1
x1
...
dxn
xn
(1)
=
  1
0
...
  1
0
log|P(e2πit1,...,e2πitn)| dt1...dtn. (2)
In particular, Jensen’s formula implies, for a one-variable polynomial that
m(P) = log|a|+∑
i
logmax{|αi|,1} for P(x) = a∏
i
(x−αi). (3)
InthisarticleweusesomeideasofRodriguez-Villegas[RV99]togeneralizethedeﬁnitionof
theMahlermeasuretocertainelementsofgrouprings.Ourconstructionyieldsthelogarithm
of the L¨ uck-Fuglede-Kadison determinant as deﬁned by L¨ uck in [L¨ uc02].
We relate the Mahler measure for elements in the group ring of a ﬁnite group to the
characteristic polynomialof the adjacency matrix of a (weighted) Cayley graph and also to
characters of the group (Theorem 6). We obtain certain rationality results for the Mahler
measure of group ring elements of the form 1−λP. In Section 9 we recover a result of
L¨ uck [L¨ uc02] that the (classical) Mahler measure is limit of Mahler measures over ﬁnite
abelian groups.We extend this result to a more general case. In particular, we complement
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it in Theorem 16 and Corollary 17 by proving an analogous property for the inﬁnite dihe-
dral group, PSL2(Z), and other inﬁnite groups. Finally, we study how the Mahler measure
changes when we vary the base group. In particular we focus our attention to the dihedral
group Dm versus the abelianization Z/mZ×Z/2Z in the general case (Theorem 12).
2 The general technique
InthissectionwewillreviewthetechniquesandoneexampleofRodriguez-Villegas[RV99].
The section after thatwillpointoutthe connectionsto thecombinatorialL2-torsionofL¨ uck
[L¨ uc02]. Let P ∈ C[x±1,y±1] be a polynomial, λ ∈ C,a n dl e tPλ(x,y) = 1− λP(x,y).
Assume that P is a reciprocal polynomial i.e., P(x,y) = P(x−1,y−1). For instance, as in
[RV99], we may think of P(x,y) = x+x−1 +y+y−1.
We deﬁne m(P,λ) := m(Pλ).Then
m(P,λ)=
1
(2πi)2
 
T2 log|1−λP(x,y)|
dx
x
dy
y
. (4)
=
  1
0
  1
0
log|1−λP(e2πit,e2πis)| dt ds. (5)
Since P(x,y) is a continuous function deﬁned in the torus T2, it is bounded and |λP(x,y)|
< 1f o rλ small enough and x,y ∈ T2. For instance, it is easy to see that we need to take
|λ| < 1
4 in the example. If λ is real, 1−λP(x,y) > 0o nt h et o r u sT2.
Let
u(P,λ)=
1
(2πi)2
 
T2
1
1−λP(x,y)
dx
x
dy
y
(6)
=
∞
∑
n=0
λn 1
(2πi)2
 
T2 P(x,y)n dx
x
dy
y
=
∞
∑
n=0
anλn,
where
1
(2πi)2
 
T2 P(x,y)n dx
x
dy
y
=[P(x,y)n]0 = an
corresponds to the constant coefﬁcient of the n-th power of P. Now we can write
˜ m(P,λ)=
1
(2πi)2
 
T2 log(1−λP(x,y))
dx
x
dy
y
(7)
=−
  λ
0
(u(t)−1)
dt
t
= −
∞
∑
n=1
anλn
n
.
In general,
m(P,λ) = Re(˜ m(P,λ)). (8)
In our particular example, ˜ m(λ) is real. For λ real, an = 0f o rn odd and
a2m =
m
∑
j=0
(2m)!
j!j!(m−j)!(m−j)!
=
 
2m
m
 
m
∑
j=0
 
m
j
 2
=
 
2m
m
 2
.Mahler measure undervariations of the base group 623
We observe that the right term in equation (7) makes sense in more general contexts. More
precisely, we can make the following:
Deﬁnition 1. Let Fx1,...,xl be the free groupinx1,...,xl and let N be a normal subgroup(of
relations).Let Γ = Fx1,...,xl/N be the quotientgroup and consider the group ring CΓ.
Given a
Q = Q(x1,...,xl) = ∑
g∈Γ
cgg ∈ CΓ,
its reciprocal is
Q∗ = ∑
g∈Γ
cgg−1 ∈ CΓ.
LetP =P(x1,...,xl)∈CΓreciprocal,(i.e.,P =P∗).Let|λ| < 1
k wherek isthel1-normofthe
coefﬁcientsofP asanelement inCΓ.Then wedeﬁnetheMahlermeasureofPλ(x1,...,xl)=
1−λP(x1,...,xl)b y
mΓ(P,λ)= −
∞
∑
n=1
anλn
n , (9)
where an is the constant coefﬁcient of the nth power of P(x1,...,xl), in other words,
an =[P(x1,...,xl)n]0. (10)
We will also use the notation
uΓ(P,λ)=
∞
∑
n=0
anλn
for the generating function of the an.
We will conﬁne ourselves mainly to the two variable case and we will keep the notation
m(P,λ)f o rmZ×Z(P,λ).
Remark 2. LetusobservethatwecanextendthisdeﬁnitionforanypolynomialQ(x1,...,xl)
∈ CΓ. It sufﬁces to write
QQ∗ =
1
λ
(1−(1−λQQ∗))
for λ real and positive and 1/λ larger than the length of QQ∗.D e ﬁ n e
mΓ(Q) = −
logλ
2
−
∞
∑
n=1
bn
2n
, (11)
where
bn =[(1−λQQ∗)n]0.
This sum might not necessarily converge. When it is convergent then it is clear that mΓ(Q)
is well-deﬁned as it does not depend on the choice of λ: write
(1−(1−λμx)) = λμx = (1−(1−λx))μ624 O.T. Dasbachand M. N. Lalin
then
log(1−(1−λμx))−log(λμ) = log(1−(1−λx))+logμ −log(λμ)
= log(1−(1−λx))−logλ.
3L ¨ uck’s combinatorial L2 L2 L2-torsion
The approach of Rodriguez-Villegas to the Mahler measure, as explained above, has a
powerful generalization in the theory of combinatorial L2-torsionof L¨ uck [L¨ uc02].
For example, let K be a knot and
Γ = π1(S3 \K)=  x1,...,xg|r1,...,rg−1 
beapresentationofthefundamentalgroupoftheknotcomplement,suchthatnoxj represents
a trivial element in Γ. For a square matrix M with entries in CΓ the trace trCΓ(M) denotes
thecoefﬁcientoftheunitelementinthesumofthediagonalelements.The matrixA∗ = (a∗
j,i)
is the transpose of A = (ai,j) with
 
∑
g∈Γ
cgg
 ∗
= ∑
g∈Γ
cgg−1.
Let
F =
⎛
⎜
⎜
⎝
∂r1
∂x1 ...
∂r1
∂xg
. . .
...
. . .
∂rg−1
∂x1 ...
∂rg−1
∂xg
⎞
⎟
⎟
⎠
be the Fox matrix (e.g. [BZ85]) of the presentation. The matrix F is a (g −1)×g matrix
withentries in thegroupringCΓ. We obtaina (g−1)×(g−1)-matrixA by deletingone of
the columns of F.
Theorem 3 (L¨ uck [L¨ uc02]). Suppose K is a hyperbolic knot.Then, for λ sufﬁcientlysmall
1
3π
Vol(S3\K) = −(g−1)ln(λ)−
∞
∑
n=1
1
n
trCΓ((1−λAA∗)n). (12)
In the special case that A has entries in C[t,t−1] it follows from (7) that the right-handside
of (12) is 2m(det(A)).
4 Spectra of weighted Cayley graphs
It will turn out that the Mahler measure is intimately related to the spectral theory of the
Cayley graph of the base group relative to the generating set given by the terms of the
polynomial.
We recall a theorem of Babai [Bab79].Mahler measure undervariations of the base group 625
For a ﬁnite group Γ of order m let α be a function α : Γ → C such that α(g) = α(g−1)
for all elements g ∈ Γ. The weighted Cayley graph of Γ with respect to α is a graph with
vertices g1,...,gm. Two vertices gi and gj are connected by a (directed) edge of weight
α(g−1
i gj). Weight 0 means that there is no edge between gi and gj. The weighted adjacent
matrix A(Γ,α) of the weighted Cayley graph of Γ with respect to α is the matrix A with
entries ai,j = α(g−1
i gj). Thus, the matrix A is hermitian: A = A∗.
The spectrum of the Cayley graph of Γ with respect to α is the spectrum of A(Γ,α).
The spectrum can be computed from the irreduciblecharacters of Γ [Bab79]. Let χ1,...,
χh be the irreducible characters of Γ of degrees n1,...,nh.
Theorem 4 (Babai [Bab79]). The spectrum of A(Γ,α) can be arranged as
S =
 
σi,j : i = 1,...,h;j = 1,...,ni
 
,
such that σi,j has multiplicityni and
σt
i,1+···+σt
i,ni = ∑
g1,...,gt∈Γ
 
t
∏
s=1
α(gs)
 
χi
 
t
∏
s=1
gs
 
. (13)
Remark 5. Notice that Theorem 4 allows us to compute the spectrum of A from the irre-
ducible characters of the base group.
Indeed, byTheorem 4,
tr(An)=
h
∑
i=1
ni ∑
g1,...,gn∈Γ
 
n
∏
s=1
α(gs)
 
χi
 
n
∏
s=1
gs
 
(14)
=
h
∑
i=1
niPn[χi(g1),...,χi(gm)]. (15)
The last term means that we ﬁrst compute the n-th power of the element P as a polynomial
and then we evaluate each of the monomials in the representation χi. This is not the usual
evaluation in the algebra generated by the xi, therefore we use the brackets to distinguishit.
5 The Mahler measure over ﬁnite groups
Suppose P ∈ CΓ with
P = ∑
i
(δiSi+δiS−1
i )+∑
j
ηjTj
for some monomials Si  = S−1
i , Tj = T−1
j , δi ∈ C, ηj ∈ R,a n dSi,Tj ∈ Γ, Γ a group. For
reasons of simplicitywe assume that themonomials of P actuallygenerate thewhole group
Γ, rather than a subgroup.
The coefﬁcientsδi,ηj inducea weightontheCayleygraphofΓwithrespect tothegener-
atingset {Si,Tj} of Γ.Weare interested in thecomputationof an =[Pn]0.This corresponds
to counting (with weights) the number of closed paths of length n in the Cayley graph of Γ
that startand end at theidentity.The weightof a closed path is the productover theweights
ofthe edges of the path.Therefore, the value ofan can be computed via thetrace of the n-th
power of A.626 O.T. Dasbachand M. N. Lalin
Theorem 6. If the group Γ is ﬁnitethen
mΓ(P,λ)=
1
|Γ|
logdet(I −λA), (16)
where A is the adjacency matrix of the Cayley graph (with weights) and 1
λ is greater than
the largest eigenvalue of the hermitian matrix A.
In particular exp(|Γ|mΓ(P,λ)) is a polynomialin λ.
ThisTheoremprovidesananalyticcontinuationofmΓ(P,λ)asafunctionofλ inthecomplex
plane C minus the eigenvalues of A.
Proof. Since the Cayley graph is vertex-transitive, this implies that
an =
1
|Γ|
tr(An),
where tr is the usual trace on matrices.
Now the Mahler measure is
mΓ(P,λ)= −
∞
∑
n=1
anλn
n
= −
∞
∑
n=1
1
|Γ|
tr((λA)n)
n
=
1
|Γ|
logdet(I −λA).
Remark 7. In the case of an arbitrary polynomialQ,
mΓ(Q) =
1
2|Γ|
logdetB, (17)
where B is the adjacency matrix corresponding to QQ∗. The Mahler measure mΓ(Q)i s
deﬁned if and only if B is nonsingular.
Remark 8. Recall that the generating function for the an is
uΓ(P,λ) =
∞
∑
n=0
anλn
and satisﬁes:
−λ
d
dλ
mΓ(P,λ)= uΓ(P,λ)−1.
Let σi be the eigenvalues of A. ByTheorem 6 we have:
uΓ(P,λ) = 1−
λ
|Γ|
d
dλ det(I −λA)
det(I −λA)
=
1
|Γ|
∑
i
1
1−λσi
. (18)
In particular, uΓ(P,λ) is a rational function in λ.Mahler measure undervariations of the base group 627
5.1 An example
We will consider the example of the group
Z/3Z×Z/2Z =  x,y|x3,y2,[x,y] .
Let us compute the Mahler measure of the general polynomial
Pλ(x,y) = 1−λ
 
a+bx+bx−1+cy+dyx+dyx−1 
.
Numbering the vertices e,x,x−1,y,yx,yx−1 as 1,...,6, we get an adjacency matrix:
⎛
⎜
⎜
⎜ ⎜
⎜
⎜
⎝
abbcdd
babdcd
b baddc
cddabb
dcdbab
d dcbba
⎞
⎟
⎟
⎟ ⎟
⎟
⎟
⎠
.
We see that the characteristic polynomial det(tI −A)i s
((t−a+c+Re(b−d))2−3(Im(b−d))2)((t−a−c+Re(b+d))2−3(Im(b+d))2)
· (t−a−2Re(b)+c+2Re(d))(t−a−2Re(b)−c−2Re(d)).
Thus,
mZ/3Z×Z/2Z(P,λ)
=
1
6
log((1−λ(a−c−Re(b−d))2−3λ(Im(b−d))2)
+
1
6
log((1−λ(a+c−Re(b+d))2−3λ(Im(b+d))2)
+
1
6
(log(1−λ(a+2Re(b)−c−2Re(d)))
+log(1−λ(a+2Re(b)+c+2Re(d)))).
For instance, if Q = 1+x+y then QQ∗ = 3+x+x−1 +2y+yx +yx−1. It is easy to see
that detB = 81.Therefore,
mZ/3Z×Z/2Z(1+x+y) =
1
12
log81 =
log3
3
.
6 Abelian groups
Suppose Γ is a ﬁnite abelian group
Γ = Z/m1Z×···×Z/mlZ
of order
|Γ| = m =
l
∏
j=1
mj.628 O.T. Dasbachand M. N. Lalin
We obtain
Corollary 9.
mΓ(P,λ)=
1
|Γ|
log
 
∏
j1,...,jl
 
1−λP(ξj1
m1,...,ξjl
ml)
 
 
(19)
where ξk is a primitive root of unity.
Proof. Thiscorollaryfollowsfrom the representationtheoryofa ﬁniteabelian group.The
characters are given by
χj1,...,jl(s1,...,sl) = ξj1s1
m1 ...ξjlsl
ml .
For the followingresult we recall some notationof Boyd and Lawton. For an integral vector
m = (m1,...,ml)l e t
q(m) = min
 
H(s)
 
   
 s = (s1,...,sl) ∈ Zl,
l
∑
i=1
misi = 0
 
,
where H(s) = max1≤i≤l|si|.
Thus,forareciprocalpolynomialP ∈ C[Zl]intheLaurentpolynomialringofl variables,
we have the followingapproximation.
Theorem 10. For sufﬁcientlysmall λ,
lim
q(m)→∞
mZ/m1Z×···×Z/mlZ(P,λ)= mZl(P,λ). (20)
Proof. FollowingRodriguez-Villegas technique
mZl(P,λ)= −
  1
0
...
  1
0
log(1−λP(e2πit1,...,e2πitl)) dt1...dtl.
Now the function log(1−λP(e2πit1,...,e2πitl)) is continuous and with no singularities in
Tl.Then we can compute the Riemann integralby takinglimitson evaluations on the roots
of unity.
This Theorem should be compared to the result (for the one variable case) by L¨ uck (page
478 of [L¨ uc02]).
7 Dihedral groups
Let us now consider Γ = Dm the dihedral group, i.e.,
Dm =  ρ,σ |ρm,σ2,σρσρ .
First assume that m is odd, m = 2p+1. The character table (see, for instance [Ser77]) for
this group isMahler measure undervariations of the base group 629
ρk σρk
χj ξ
jk
m +ξ
−jk
m 0 j = 1,...,p
ψ1 1 1
ψ2 1 −1
Assume that P is reciprocal. In computing the Mahler measure of 1−λP we need to
determine
tr(An) = Pn[1,...,1]+Pn[1,...,1,−1,...,−1]
+2
p
∑
j=1
Pn
 
2,ξj
m+ξ−j
m ,...,ξj(m−1)
m +ξ−j(m−1)
m ,0,...,0
 
.
NotethatP can be thoughtas a polynomialintwo variables ρ and σ. Fortheﬁrst two terms
we can write Pn(1,1)+Pn(1,−1), then we obtain
= Pn(1,1)+Pn(1,−1)+2
p
∑
j=1
 
Pn
 
1,ξj
m,...,ξj(m−1)
m ,0,...,0
 
(21)
+Pn
 
1,ξ−j
m ,...,ξ−j(m−1)
m ,0,...,0
  
= Pn(1,1)+Pn(1,−1)+2
m−1
∑
j=1
Pn
 
1,ξj
m,...,ξj(m−1)
m ,0,...,0
 
= Pn(1,1)+Pn(1,−1)+
m−1
∑
j=1
 
Pn 
ξj
m,1
 
+Pn 
ξj
m,−1
  
=
m
∑
j=1
 
Pn 
ξj
m,1
 
+Pn 
ξj
m,−1
  
.
At this point we should be more speciﬁc about the meaning of this formula. Given P we
consider its nth-power, then we write it as a combination of monomials ρk and σρk,a n d
after that we evaluate each of the variables ρ, σ.
When m = 2p, the character table is
ρk σρk
χj ξ
jk
m +ξ
−jk
m 0 j = 1,...,p−1
ψ1 1 1
ψ2 1 −1
ψ3 (−1)k (−1)k
ψ4 (−1)k (−1)k+1
and we obtain a similar expression as in equation (21).
Hence, we have proved:
Theorem 11. Let P ∈ C[Dm] be reciprocal. Then
tr(An) =
m
∑
j=1
 
Pn 
ξj
m,1
 
+Pn 
ξj
m,−1
  
, (22)
where Pn is expressed as a sum of monomialsρk, σρk before being evaluated.630 O.T. Dasbachand M. N. Lalin
On the other hand, for Γ = Z/mZ×Z/2Z =  x,y|xm,y2,[x,y] ,
tr(An) =
m
∑
j=1
 
P
 
ξj
m,1
 n
+P
 
ξj
m,−1
 n 
.
From now on, in order to compare elements in the group rings of Dm and Z/mZ×Z/2Z
we will rename x = ρ and y = σ in Dm.
We have
Theorem 12. Let
P =
m−1
∑
k=0
αkxk +
m−1
∑
k=0
βkyxk
with real coefﬁcients and reciprocal in Z/mZ×Z/2Z (therefore it is also reciprocal in
Dm).Then
mZ/mZ×Z/2Z(P,λ) = mDm(P,λ). (23)
Proof. It is important to note that being reciprocal in Z/mZ×Z/2Z is not the same as
being reciprocal in Dm.
Being reciprocal in Z/mZ×Z/2Z means that αk = αm−k and βk = βm−k. On theother
hand, being reciprocal in Dm means that αk = αm−k and βk is real.
Then the conditionthat αk,βk are real and the reciprocity in Z/mZ×Z/2Z implythat
and αk = αm−k, βk = βm−k and reciprocity in Dm.
WewillprovethatthepowersofP arethesame inbothgroupsringsbyinduction.Assume
that Pn looks the same in both group rings and that it satisﬁes the conditions:
Pn =
m−1
∑
k=0
akxk +
m−1
∑
k=0
bkyxk
with ak = am−k and bk = bm−k. Then, in Z/mZ×Z/2Z,
PPn = ∑
k1,k2
 
αk1ak2 +βk1bk2
 
xk1+k2 + ∑
k1,k2
 
αk1bk2 +βk1ak2
 
yxk1+k2.
In Dm,
PPn = ∑
k1,k2
 
αk1ak2 +βm−k1bk2
 
xk1+k2 + ∑
k1,k2
 
αm−k1bk2 +βk1ak2
 
yxk1+k2.
It is easy to see that Pn+1 satisﬁes the induction hypothesis.
Remark 13. The premises of Theorem 12 are somewhat strong but necessary. First, the
conditionthat the coefﬁcients are real is necessary. To see this, consider
P = 3+ix−ix−1+y.
In Z/3Z×Z/2Z, we obtain
mZ/3Z×Z/2Z(3+ix−ix−1+y) =
log104
6
,Mahler measure undervariations of the base group 631
however,
mD3(3+ix−ix−1+y) =
log200
6
.
It would be also nice to have a result that is more general for any Q that is not necessarily
reciprocal. Unfortunately, this is not possible due to the different structures of the group
rings. Let
Q =
m−1
∑
k=0
αkxk +
m−1
∑
k=0
βkyxk.
We have, for Γ1 = Z/mZ×Z/2Z,
Q∗
1 =
m−1
∑
k=0
αkx−k +
m−1
∑
k=0
βkyx−k.
For Γ2 = Dm,
Q∗
2 =
m−1
∑
k=0
αkx−k +
m−1
∑
k=0
βkyxk.
Clearly QQ∗
1 and QQ∗
2 are generally different:
QQ∗
1 = ∑
k1,k2
 
αk1αk2 +βk1βk2
 
xk1−k2 + ∑
k1,k2
 
αk1βk2 +βk1αk2
 
yxk1−k2
QQ∗
2 = ∑
k1,k2
 
αk1αk2 +βk1βk2
 
xk1−k2 + ∑
k1,k2
 
βk1αk2 +βk1αk2
 
yxk1−k2
As a counterexample for this case, let us look at Q = x+2y.
In Z/3Z×Z/2Z, QQ∗ = 5+2yx+2yx−1.Then
mZ/3Z×Z/2Z(x+2y) =
log63
6
.
In D3, QQ∗ = 5+4yx−1 and
mD3(x+2y) =
log3
2
.
Notice that the proof of Theorem 12 is independent of m. Therefore, we can conclude the
following.
Corollary 14. Let P ∈ R[Z×Z/2Z] be reciprocal. Then
mZ×Z/2Z(P,λ) = mD∞(P,λ), (24)
where D∞ =  ρ,σ|σ2,σρσρ .632 O.T. Dasbachand M. N. Lalin
8 Dicyclic groups
We consider the dicyclic groups with presentations
Dicm =  x,y|x2m,y2xm,y−1xyx .
The Mahler measure in these groups will be compared to the one in Z/2mZ×Z/2Z =
 x,y|x2m,y2,[x,y] .
Theorem 15. Let
P =
2m
∑
k=0
αkxk +
2m
∑
k=0
βkyxk
suchthatthecoefﬁcientsαk arereal,anditisreciprocalinbothDicm andZ/2mZ×Z/2Z.
Then
mZ/2mZ×Z/2Z(P,λ)= mDicm(P,λ). (25)
Proof. TheproofisverysimilartotheoneforTheorem12.Wejustneedtoobservethatthe
reciprocalconditioninDicm impliesαk =α2m−k andβk =βm+k,whileinZ/2mZ×Z/2Z
we have αk = α2m−k and βk = β2m−k.
9 Quotient approximations of the Mahler measure
In this section we study a generalization ofTheorem 10 for families of groups that are not
necessarily abelian. Suppose that Γ is a group and Γm is a family of groups. Denote by
a(m)
n =[ Pn]0 in Γm,
and let an denote the corresponding number in Γ.Then
Theorem 16. Assume that there are Nm, depending on m and {Γm,Γ}, with
lim
m→∞
Nm = ∞,
such that
a(m)
n = an for n < Nm.
Letk bethel1-normofthepolynomialP,i.e.thesumoftheabsolutevaluesofthecoefﬁcients
of the monomialsin P.Then, for |λ| < 1
k,
lim
m→∞
mΓm(P,λ)= mΓ(P,λ). (26)
Moreover, the convergence is uniform in λ for |λ| < 1
k.
Proof. Consider
 
 
 
 
 
∞
∑
n=1
a
(m)
n λn
n
−
∞
∑
n=1
anλn
n
 
 
 
 
 
≤ ∑
n=Nm
 
 
 
 
 
(a
(m)
n −an)λn
n
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for any m. The term in the right can be made arbitrarily small by choosing m such that Nm
is large, since we know thatthe sums converge. Also, since |λ| is bounded,the convergence
is uniform.
Thistheorem providesan alternativeway ofseeingTheorem 10butithas otherapplications
as well.In the followingcorollary the Γm are quotientsof Γ:
Corollary 17. Let P ∈ Γ reciprocal.
• For Γ = D∞, Γm = Dm,
lim
m→∞
mDm(P,λ)= mD∞(P,λ). (27)
• For Γ = Dic∞ =  x,y|y2,(yx)2 , Γm = Dicm,
lim
m→∞
mDicm(P,λ) = mDic∞(P,λ). (28)
• For Γ = PSL2(Z) =  x,y|x2,y3 , Γm =  x,y|x2,y3,(xy)m ,
lim
m→∞
mΓm(P,λ)= mPSL2(Z)(P,λ). (29)
• For Γ = Z∗Z =  x,y , Γm =  x,y|[x,y]m ,
lim
m→∞
mΓm(P,λ)= mZ∗Z(P,λ). (30)
Note that in this case Γ1 = Z×Z.
10 Changing the base group
Inthissectionweﬁxan elementinZ∗Z, namely P = x+x−1+y+y−1,andweinvestigate
mΓ(P,λ) for different choices of Γ = Z∗Z/N.
10.1 The free abelian group
The computations of the ﬁrst section show that for the case of Γ = Z×Z,w eg e t
uZ×Z(P,λ)=
∞
∑
m=0
 
2m
m
 2
λ2m = F
 
1
2
,
1
2
;1;16λ2
 
=
2
π
K(16λ2),
where K is the complete ellipticfunction and F the hypergeometric series.
Recall that if
uZ×Z(P,λ)=
∞
∑
n=0
anλn
is the generating functionof the [Pn]0,t h e n
mZ×Z(P,λ)= −
∞
∑
n=1
anλn
n
.
Therefore, for this case
mZ×Z(P,λ)= −
∞
∑
m=1
 
2m
m
 2λ2m
2m
. (31)634 O.T. Dasbachand M. N. Lalin
10.2 Taking the limit over one variable
Now assume that Γ = Z×Z/mZ so that x is free, ym = 1, and they commute. By using
similar ideas to those in the proof ofTheorem 10, we can see that
lim
n→∞
mZ/nZ×Z/mZ(P,λ)= mZ×Z/mZ(P,λ). (32)
Therefore,
mZ×Z/mZ(P,λ)=
1
m
m−1
∑
k=0
m
 
1−λ
 
x+x−1 +ξk
m +ξ−k
m
  
, (33)
where the term in the right corresponds to the classical Mahler measure of one-variable
polynomials.The polynomial
1−λ
 
x+x−1 +ξk
m +ξ−k
m
 
has two roots given by
λ−1−2cos 2πk
m ±
 
λ−2−4cos 2πk
m λ−1−4sin22 πk
m
2
. (34)
Since the productis 1, one of therootshas alwaysabsolute values larger than 1.Assume for
simplicitythat λ > 0, then we need to consider the root with the “+” sign.Thus,
mZ×Z/mZ(P,λ) (35)
=
1
m
m−1
∑
k=0
log
⎛
⎝
1−2cos 2πk
m λ +
 
1−4cos 2πk
m λ −4sin22 πk
m λ2
2
⎞
⎠.
For the case of m = 2 the eigenvalues are 2 and −2.Then we have, by equation (34)
mZ×Z/2Z(P,λ)= −log2+
1
2
 
log
 
1−2λ +
 
1−4λ
 
+log
 
1+2λ +
 
1+4λ
  
.
In this case the coefﬁcients can be also computed directly.
  
x+x−1 +y+y−1 n 
0
=
n
∑
j=0
 
n
j
  
(x+x−1)j(y+y−1)n−j 
0,
and because there is no relation between x and y besides the fact that they commute,
 
(x+x−1 +y+y−1)n 
0 =
n
∑
j=0
 
n
j
 
 
(x+x−1)j 
0
 
(y+y−1)n−j 
0.
Note that
 
(x+x−1)j 
0 =
   j
j/2
 
j even
0 j odd
 
(y+y−1)j 
0 =
2j +(−2)j
2
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Then
  
x+x−1+y+y−1 2l 
0
=
2l
∑
j=0
 
2l
2j
  
2j
j
 
22l−2j
=
  
x+x−1 +2
 2l 
0
=
  
x2 +x−2+2
 2l 
0
=
  
x+x−1 4l 
0
=
 
4l
2l
 
.
Then we obtain
mZ×Z/2Z(P,λ) = −
∞
∑
l=1
 
4l
2l
 
λ2l
2l
. (36)
Let us remark that while we are computinga function of the form
∞
∑
n=1
n/2
∑
j=0
1
n
 
n
2j
  
2j
j
 
β2jλn,
a similar function was studied in [Das06]:
∞
∑
n=1
n/2
∑
j=0
1
n
 
n
j
  
2j
j
 
βjλn.
Finally, we remark, in the same vein as Theorem 10, that
lim
m→∞
mZ×Z/mZ(P,λ)= mZ×Z(P,λ). (37)
10.3 The free group
We now assume that there is no relation between x and y.T h e nuZ∗Z(P,λ) corresponds to
counting circuits (based in a distinguished point) in the 4-regular tree (that is the Cayley
graphof Z∗Z). By a result of Bartholdi[Bar99] u is equal to
uZ∗Z(P,λ)=
3
1+2
√
1−12λ2.
10.4 PSL2(Z) 2(Z) 2(Z)
A presentation for PSL2(Z)i sg i v e nb y x,y|x2,y3 . Hence, it is isomorphic to Z/2Z∗
Z/3Z. By a result of Bartholdi[Bar99],
uPSL2(Z)(x+y+y−1,λ)=
(2−λ)
√
1−2λ −5λ2+6λ3+λ4−λ +λ2+λ3
2(λ −1)(3λ −1)(2λ +1)
.
However, our P is 2x+y+y−1. If we use Theorem 9.2 in [Bar99] we obtain
uPSL2(Z)(P,λ)=
(2−λ)
√
1−2λ −11λ2+12λ3+4λ4−λ +λ2−2λ3
2(λ −1)(3λ +1)(4λ −1)
.636 O.T. Dasbachand M. N. Lalin
11 Arbitrary number of variables
There is a general result in [Bar99] regarding the generating function of the circuits of a
d-regular tree which is given by
gd(λ) =
2(d−1)
d −2+d
 
1−4(d−1)λ2. (38)
In the case of
P1,l = x1+x−1
1 +···+xl +x−1
l ,
we can easily see that for the free group Fl we are counting circuits in a 2l-regular tree,
therefore
uFl(P1,l,λ)= g2l(λ). (39)
We also consider the polynomial
P2,l =( 1+x1+···+xl−1)
 
1+x−1
1 +···+x−1
l−1
 
.
Let us add one more variable, so we obtain
(x0+x1 +···+xl−1)
 
x−1
0 +x−1
1 +···+x−1
l−1
 
.
It is easy to see that the trace of the powers of P2,l is not affected by thischange. But now it
is clear that we are counting circuits in a l-regular tree, thus,
uFl−1(P2,l,λ)= gl(λ). (40)
In particular,
mFl(P1,l,λ)= mF2l−1(P2,2l,λ). (41)
Let us examine the abelian versions of these polynomials. By using elementary combina-
torics we compute the trace of the powers of P1,l and P2,l:
 
Pn
1,l
 
0 = ∑
a1+···+al=n
(2n)!
(a1!)2...(al!)2,
 
Pn
2,l
 
0 = ∑
a1+···+al=n
 
n!
a1!...al!
 2
.
For l > 2 these expressions do not seem to simplify, in the sense that we are unable to
ﬁnd a closed formula that does not involve a summation. However, we make the following
interestingobservation:
 
P2n
1,l
 
0 =
 
2n
n
 
 
Pn
2,l
 
0, (42)
where the trace in the left is taken over Z×l and the one in the right is taken over Z×(l−1).Mahler measure undervariations of the base group 637
In other words, there are relations among the Mahler measure of these two families of
polynomials. But the relations depend on the base group.
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